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Of concern is the parabolic equation 
for t > 0, x E [0, 11, and with the initial condition u(x, 0) = us(x) and the nonlinear 
Robin boundary condition (&/ax)(O, 1) E j&(a(O, t)), (-a@~)( 1, t) E pr(u( 1, t)). 
Here /I0 and PI are maximal monotone graphs in Iw x IFI with 0 E PO(O) n /I,(O). We 
solve it by using nonlinear semigroup theory in the space C[O, 11. 0 !9w Academic 
Press, Inc. 
1. INTRODUCTION 
We are concerned about the fully nonlinear equation 
; (x, t) = F(x, 24, g, g) (1) 
with the initial condition u(x, 0) = uO(x) and nonlinear Robin boundary 
condition (&/8x)(0, t)~j&,(u(O, t)), (-&/8x)(1, t)~fir(~(l, t)). Here t>,O 
and x E [0, 11 c Iw, and pi, i = 0, 1 are maximal monotone graphs in DB x Iw 
with 0 E /&,(O) n B,(O). 
We solve (1) using semigroup theory. The idea is to rewrite (1) as an ode 
(&/dt) =Au in a suitable Banach space X, which we take to be 
(C[O, 1 ] . 1) .I\ ,). (The higher space dimensional analogue of (1) will appear 
in a forthcoming paper. This is more complicated.) Here the boundary con- 
dition is incorporated into the domain of definition of the operator A. We 
then show that A is m-dissipative and apply the Crandall-Liggett heorem 
[S]. This theorem says that in this case, A generates a contraction semi- 
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group T(r), and if  E D(A ), i.e., f is in the closure of the domain of A, then 
7’( t)f is the unique solution to the initial value problem 
du 
-$=Au(t>O), @)=f 
in a suitable generalized sense. In other words, (1) is uniquely and globally 
solvable. 
The assertion “in a suitable generalized sense,” which involves a family 
of inequalities, isdue to Benilan [17]. Brief explanations of his notion of 
solution are given in [4, 81. Here we only remark that if the space X is 
reflexive, then T(t) f is a strong solution, i.e., the equation du/dt = Au is 
satisfied almost everywhere in t. The question of when our obtained 
solution to (1) is a classical one is important and interesting to pursue. 
We hope to treat this issue in a future publication. 
The previous literature on this subject includes the papers [2] by Burch 
and Goldstein, [ 163 by Serizawa, [9 J by Goldstein and Lin, and [14] by 
Lin. In [2], Burch and Goldstein considered 
au 
0) --4(x, u,)u,,; at 
in [16], Serizawa treated 
(ii) $ = MU,, 
but with nonlinear Robin boundary condition; in [9], Goldstein and Lin 
studied (i) with degeneracy in x and various boundary conditions; finally 
in [14], Lin dealt with the higher space dimensional analogue of (i) with 
two types of degeneracy and perturbation term. 
So, as we can see, all of the above papers solve (1) at most in the 
quasilinear context. Thus, our paper here is to look at (1) in the fully 
nonlinear form. However, we only consider the nondegenerate case. This is 
because we can attack the degenerate case using our previous techniques in 
[9], and so we omit discussing it here. 
Before the end of this introduction, we would like to mention the 
remarkable paper by Da Prato and Grisvard [18]. They studied the 
abstract nonlinear parabolic equation by the linearization technique. 
Among many other things, applications to fully nonlinear parabolic equa- 
tions with linear boundary conditions were given. Although only the local 
solution is shown to exist, the global one can be obtained if some a priori 
estimate is available. More applications and references can be found there, 
505/87/1-J 
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Also, we would like to mention the Russian mathematicians’ work on 
fully nonlinear equations [19-21). In spite of either linear boundary 
conditions or local solutions, their results are nicely done by the classical 
direct approach. 
The rest of this paper is organized as follows. Section 2 contains back- 
ground material. Section 3 contains the main result and its proof. Section 4 
contains some concluding remarks about some other recent work of related 
interest. 
2. BACKGROUND MATERIAL 
For convenient reference, we prepare the following material. Let X be a 
real Banach space with norm 11 .II. An operator A: D(A) c X+ X is dis- 
sipative if for all 24, UED(A), J(u--VII < [I(u-u)--(Au-Au)/1 for all I>O. 
A dissipative operator satisfying R(Z- IA) = X for some 1> 0 (and hence 
all I > 0) is called m-dissipative. Here R denotes range. A subset p in [w x IR 
is called monotone if (ul - uz)(ul - u2) b 0 whenever or E B(u,), u2 E p(u,), 
and u1 # u2. A monotone subset, not properly contained in any other 
monotone subset, is a maximal monotone graph. For more details on this 
background material, see [ 1, 71. 
3. THE MAIN RESULT AND ITS PROOF 
Let F(x, z, p, r) be a continuously differentiable function in [0, l] x R3 
and let it satisfy (i) aF/az ~0 for each (x, p, r)~ [0, l] x OX*, (ii) aF/ar 2 
6>0 for some positive constant 6, (iii) either IF(x, z, p)l < F,(x, z) or 
IF(x, z, p, 0)- F,(x, z)p( + 0 as (pi -+ 00 for some FO, F, E C’( [0, l] x IR), 
and (iv) F(x, 0, 0,O) = 0. 
Also, let pi, i= 0, 1, be a maximal monotone graph in Iw x Iw with 
POW n BdO) 3 0. 
Then define the operator A: D(A) c C[O, 1) + C[O, l] by 
Au = F(x, u, u’, u”) 
for UED(A)= {uEC’[O, 11: u’(O)~/3,,(u(O)) and -u’(l)~~~(u(l))}. 
THEOREM. The operator A, the closure of A, is m-dissipative on C[O, 11, 
and then (1) is uniquely and globally solvable. 
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COROLLARY. For h E C ’ [0, 11 and for all i> 0, 
u - IF(x, u, u’, u”) = h in (0, 11, 
u’(O) Eao(u(o)) and -u’(l)EB1(41)) 
has a unique solution UE C’[O, 11. 
Proof of Theorem. Step 1. We prove that A is dissipative. Let U, 
v ED(A) and u f u to avoid triviality. Then, since (u-u) E C[O, 11, we 
have IIn- ~11, = I(u - u)(xO)l for some xOe [0, 11. Without loss of 
generality, we can assume (U - u)(xo) = IIu- uII m. If x0 =O, then the 
monotonicity of /IO implies (U-U)’ (O)(u - u)(O) 20. From this, we must 
have (U - u)’ (0) = 0 since otherwise (u-u)’ (0) > 0 and (u-u)(O) = 
IIU--II,, a contradiction. Similarly, if x0 = 1, then (U - u)’ (1) = 0. Thus, 
whatever x0 is, the first and second derivative tests always apply, and so 
(24 - u)’ (x0) = 0 and (24 - u)” (x0) 6 0. 
Hence, by the mean value theorem, 
(Au - Au)(xo) = /;*o g (x, w&o), w&o), $3) de (u-u)” (xc,) 
+ s,‘=, g( ( 
xo, w&o), 44x0), w;;(xo)) de 
) 
(u - ~‘1 bo) 
xo, w&o), 44x,), 4Xx0)) de (u - u)(x,,), 
which is nonpositive by the assumptions of iYF/dr > 0 and i?F/az < 0. 
Here we = 8~ + (1 - t9)u. 
Thus, for all A> 0, 
Ilu-oll,=(u--)(x0) 
< (u - u)(xo) - 1(Au - Au)(xo) 
< II(u-u)--~(Au-Au)([,, 
and then A is dissipative. From this, A is also dissipative [7]. 
Step 2. We show that the range of I-IA contains C’[O, l] for some 
1> 0. Let h E C’[O, 1 ] be given and consider 
u - F(x, u, u’, u”) = h in (0, 1) 
u’(O) E PO(@)) and -U’(l)EB(U(l)). 
(2) 
66 CHIN-YUAN LIN 
This is easily seen to be the same as 
u= (Z-&-l su. (3) 
Here S: C2[0, l] + C’[O, 1 ] is defined by 
su = -u” + F(x, u, u’, 24”) + h 
for UE C’[O, 11, and 
A,: &I,) c C2[0, l] + C[O, l] 
is defined by 
A,u = 24” 
for UED(&)= {ueC2[0, 11: u’(O)E&,(U(O)), and -a’(l)~/I~(~(l))}, and 
(Z-A,)-‘: C[O, l] + C2[0, l] exists, and is continuous by [9, 161. Thus, 
(Z--A,)-’ S: C2[0, l] + C2[0, l] is continuous. 
Note that S maps C3[0, l] into C’[O,l] since F(x, z, p, r) is smooth, 
and also note that (Z-A,))’ maps C’[O, l] into C’[O, 11. Thus 
(Z-A,)-’ S maps C3[0, l] into C3[0, 11. 
Now, to solve (3), we truncate S by defining for each m E N 
s,u=su if Ilull c3<m, 
= s ,,;;c3 (-) if IIuIIC3>rn. 
Then (Z--A,)-’ S,: C2[0, I] + C2[0, l] is continuous, and (Z-A,))’ S,: 
C3 [0, 1 ] -+ C3[0, 1 ] is uniformly bounded for each m. So we can choose 
a closed, compact, convex subset ( c C3[0, 11) of C2[0, 1 ] such that it is 
invariant under (I- A,,)’ S,. Thus, by the Schauder fixed point theorem 
in the form in [6], we have 
(I- A,)-’ SmUm = 24, for some u,. 
This will solve (3) and equivalently (2) if 
for some mo. 
Now, suppose ((u, (I c) > m for all m E N. Then, we have 
u,-u;+u;-F(x, u,, u;, uk)=h in (0, 1) 
d2w E Bo(%(O)) and -4rz(1)EPl(%?l(l))~ 
(4) 
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where v m = m(u,/( IIu,,, )I c )). As in the dissipativity proof, we have 
llkAlc9 = I4n(XO)I~ &(x0) = 0, and %(X0) hobo) B 0 
for some x0 E [0, 11. Thus, (4) becomes, by the mean value theorem, 
x %!(xo) 42x0) -%l(xo) eo, 4n(xo), 090) =%l(xo) Wo), 
20 
and so ll4,~ IIN,. 
Next, we assume that (F(x, z, p, 0) - F,(x, z)pl + 0 as IpI + co. (The 
other case, jF(x, z, p, O)( G F,(x, z), will be automatically covered.) Then, 
we can choose a finite large number K such that 
m, z, P, 0) = I;,(4 z) P + F*(x, 6 PI 
if (p( > K. Here (F,(x, z, p)J + 0 as JpI -+ 03. Thus, it s&ices to assume that 
Ip( > K. Then (4) is reduced to 
urn-- 1-p ( IlL+ J 1 dF 0 ardO IIUL > 
x u; - F,(x, urn)& - F&x, u,, u;) = h (5) 
40) E Bo(%(O)) and -4x(l)E:B,(%z(l)). 
The leading term coefficient is strictly positive, and so we can divide (5) 
by this coefficient to get a regular equation with bounded coefficients. 
(Note that IIu,JJ, i llh/l,.) Thus 
ll4llu2 and Il&lloo are finite and bounded by a constant 
independent of m by [13] since /u,,J[~< II/z/l,. 
Finally, we show that Iluzll o.is also finite and bounded by a constant 
independent of m. Since U, E C3[0, 11, we can differentiate (4) with respect 
to x to get 
),, dF aF , aF 
m-Z-Z Urn ap 
- - 0; = h’. (6) 
Here we suppress the arguments of F(x, z, p, r). Thus, dividing (6) by the 
strictly positive leading coeffkient (of UK), we have a regular equation with 
bounded coefficients. This immediately implies that Ilu~llco is finite and 
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bounded by a constant independent of m since so are (lurnII m, I( z&II Q,, and 
II~~II co’ 
Consequently, we have that I( c~ is finite, a contradiction to 
ll~,,ll c3 > m for all m. Thus, we have 
for some m,, and then we complete our proof. 1 
4. CONCLUDING REMARK 
In concluding, we mention some other recent work of related interest. In
[ 10, 111, Goldstein and Lin considered 
(iii) g = 4(x, Vu) du +f(x, U, VU) 
on C(s) with Wentzel boundary condition. This was motivated by the 
paper [3] of Clement and Timmermanw In [12], they also studied 
(iv) $= .i (Mx, Vu)),, +f(x, u) 
1=1 
on C(Q) and LP(sZ). Finally, in [15], Lin dealt with doubly degenerate 
equations (one degeneracy in x and the other degeneracy in u itself) 
involving a multiplicative perturbation; these are very complicated. One 
wonders if it is possible to consider (1) on Lp. We will treat this issue in 
a future publication. 
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